First-principles calculation of the elastic dipole tensor of a point defect: Application to hydrogen in α-zirconium by Sutton, AP et al.
First Principles Calculation of the Elastic Dipole Tensor of a Point Defect:
Application to Hydrogen in α-Zirconium
R. Nazarov,1 J. S. Majevadia,2 M. Patel,2 M. R. Wenman,3 D. S. Balint,4 J. Neugebauer,5 and A. P. Sutton2, ∗
1Physics Division, Lawrence Livermore National Laboratory, 7000 East Ave., Livermore CA 94550, USA
2Department of Physics, Imperial College London, Exhibition Road, London SW7 2AZ, UK.
3Department of Materials, Imperial College London, Exhibition Road, London SW7 2AZ, UK.
4Department of Mechanical Engineering, Imperial College London, Exhibition Road, London SW7 2AZ, UK.
5Max-Planck-Institut für Eisenforschung GmbH, Max-Planck Strasse, Düsseldorf 40237, Germany.
(Dated: December 7, 2016)
SUPPLEMENTAL MATERIAL
Deduction of the Dipole Tensor from the λ-Tensor
We assume the dipole tensor for H in α-Zr is the same
as for D in α-Zr, that is, the dipole tensor does not dis-
play an isotope effect. It is also assumed the D exists as a
dilute solid solution in the α-Zr crystal, and that the con-
tribution of the volume of the D atoms to the volume of
the crystal is negligible.
FIG. 1: Illustration of an H-atom occupying a
tetrahedral site in α-Zr, forming 3 equivalent bonds
(blue) and 1 non-equivalent bond (red). Arrows depict
forces f exerted by the H-atom on neighboring Zr-atoms.
The λ-tensor is dimensionless. If a0 and c0 are the lat-
tice constants of pure α-Zr at a temperature T and the
D-atoms occupy tetrahedral interstitial sites in the α-Zr-
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and all off-diagonal components of the λ-tensor are zero
by symmetry. In the following we set λ1 = λ11 and λ3 =
λ33.
The elastic energy of a Zr-crystal containing N isolated
D-atoms in a volume V subjected to a homogeneous strain
ei j is then given by
Eel = −Npi jei j + V2 ci jkl ei jekl , (3)
where pi j is the elastic dipole tensor for a D-atom in a
tetrahedral site in α-Zr. The crystal undergoes a sponta-
neous eigenstrain εkl corresponding to the minimum of
Eel({ei j}), which yields the following relation:
pi j =
V
N
ci jklεkl (4)
As confirmed by the measurements of MacEwen et al. the
eigenstrain varies linearly with the concentration of D-
atoms, so that εkl/N = dεkl/dN . Then we may write:
εkl
N
=
ΩZr
V
λkl (5)
where ΩZr is the volume associated with an α-Zr atom at
the temperature T : ΩZr = a2c
p
3/4. Substituting Eq. (5)
into Eq. (4) we obtain Eq. (9) in the main text. It follows
that:
p11 = ΩZr [(c11 + c12)λ1 + c13λ3] (6)
p33 = ΩZr [2c13λ1 + c33λ3] , (7)
Both the atomic volume ΩZr and the elastic constants
are dependent on temperature. The variation of the
λ-tensor with temperature is the same as the variation
2of the thermal expansion tensor with D-concentration.
MacEwen et al. [1] found that λ1 and λ3 increased by≈ 8% as T increased from 727 K to 777 K, although they
did not consider the increase statistically significant. In
the absence of any experimental evidence to the contrary
we assume the λ-tensor does not vary with temperature.
Using the estimated errors in the experimental λ-
tensor components of ≈ 10%, the elastic constants of α-
Zr measured at 4 K by Fisher and Renken [2], the lat-
tice constants a0 = 3.2312 Å and c0 = 5.1463 Å for α-Zr
measured at 298K in work of Lichter [3], and the lin-
ear thermal expansions coefficients αa = 5.5× 10−6 K−1
and αc = 10.8× 10−6 K−1 for a and c measured by Skin-
ner and Johnston [4], we find p11 = 1.57± 0.11 eV and
p33 = 1.96± 0.14eV at T = 0 K.
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